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Abstract. Recently Basbu¨k and Yazlik [1] proved identities related to the reciprocal sum of
generalized bi-periodic Fibonacci numbers starting from 0 and 1, and raised an open question
whether we can obtain similar results for the reciprocal sum of mth power (m  2) of the same
numbers. In this paper we derive identities for the reciprocal sum of square of generalized bi-
periodic Fibonacci numbers with arbitrary initial conditions.
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1. INTRODUCTION
Throughout this paper we use the notation fGng1nD0 D S.G0;G1;a;b/ to denote




aGn 1CGn 2; if n 2Ne;
bGn 1CGn 2; if n 2No, .n 2/;
with initial conditions G0 and G1, where G0, G1, a and b are real numbers, and Ne
(No, respectively) denotes the set of positive even (odd, respectively) integers.
Recently Ohtsuka and Nakamura [8] found interesting properties of the Fibonacci
numbers fFng1nD0 D S.0;1;1;1/ and proved (1.1) and (1.2) below, where bc indic-







Fn Fn 1; if n 2 and n 2Ne;









Fn 1Fn 1; if n 2 and n 2Ne;
Fn 1Fn; if n 3 and n 2No. (1.2)
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The work of Ohtsuka and Nakamura was generalized by several authors [1,2,5–7].
In particular, Basbu¨k and Yazlik [1] considered the reciprocal sum of generalized bi-
periodic Fibonacci numbers fGng1nD0 D S.0;1;a;b/ and proved the following the-
orem.











Gn Gn 1; if n 2 and n 2Ne;
Gn Gn 1 1; if n 1 and n 2No, (1.3)
where






and .n/ is the parity function such that
.n/D
(
0; if n 2 f0g[Ne;
1; if n 2No.
In [1], Basbu¨k and Yazlik raised an open question whether we can obtain similar
results for the reciprocal sum of mth power (m 2) of the same numbers.
In this paper we derive identities for the reciprocal sum of square of generalized bi-
periodic Fibonacci numbers fGng1nD0 D S.G0;G1;a;b/, where G0 is a nonnegative
integer and G1 is a positive integer.
2. MAIN RESULTS
Lemma 1 below will be used to prove our main results.
Lemma 1. For fGng1nD0 D S.G0;G1;a;b/, (a)-(c) below hold:
(a) GnGnC1 Gn 1GnC2 D . 1/n.bG20CabG0G1 aG21/:
(b) a.nC1/b.n/Gn 1GnC1 a.n/b.nC1/G2n D . 1/n.aG21  abG0G1 bG20/:
(c) GnC1GnC2 Gn 1Gn D a.n/b.nC1/G2nCa.nC1/b.n/G2nC1.
Proof. (a) and (b) are special cases of [3, Theorem 2.2]. Since
Gn D a.n 1/b.n/Gn 1CGn 2;
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The main results of this paper are stated in Theorem 2. For the ease of presentation,
we use the following notation for fGng1nD0 D S.G0;G1;a;b/
˚.G/ WD b2G20Cab2G0G1 abG21 :
Theorem 2. LetG0 be a nonnegative integer and letG1, a and b positive integers.














1; if ˚.G/ > 0;
0; if ˚.G/ < 0:











bGn 1GnCg 1; if n n0 and n 2Ne;
bGn 1Gn g; if n n1 and n 2No. (2.1)











bGn 1GnCg; if n n2 and n 2Ne;















bGn 1GnC Og; if n n4 and n 2Ne;




Proof. (a) To prove (2.1), assume that ˚.G/ > 0. Then
˚.G/ g.abC2/ < 0:
Firstly, consider
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; if nm0 and n 2Ne. (2.4)
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; if nm3 and n 2No. (2.7)
Then (2.1) follows from (2.4), (2.5), (2.6) and (2.7).
Now suppose that ˚.G/ < 0. In this case, we have
˚.G/ g.abC2/ > 0;











bGn 1GnC . 1/ng ; if nm4 and n 2Ne, (2.8)


































; if nm7 and n 2Ne. (2.11)




We recall the proof of (a). Replacing g by Og, we have
OY1 D Og˚.G/  Og2 D .abC1/ Og2 > 0:
Hence there exist positive integersm8 andm9 such thatX1 > 0 if nm8 and n 2Ne











bGn 1GnC. 1/n Og ; if nm8 (n2Ne) or if nm9 (n 2No).
(2.12)
Similarly, there exist positive integers m10 and m11 such that X3 < 0 if nm10 and











; if nm10 (n2Ne) or if nm11 (n2No).
(2.13)
Then, (2.3) follows from (2.12) and (2.13), and (b) is also proved.















Gn 1GnC1; if n 2 and n 2Ne;
Gn 1Gn 2; if n 1 and n 2No.
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Example 2. Consider fGng1nD0 D S.0;1;a;b/ with a and b positive integers. In

















bGn 1Gn 1; if n 2 and n 2Ne;
bGn 1Gn; if n 1 and n 2No.
Example 3. For fGng1nD0 D S.2;1;4;2/, we have ˚.G/D 40, OgD 4. Then, from








2Gn 1GnC4; if n 2 and n 2Ne;
2Gn 1Gn 4; if n 1 and n 2No.
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